ABSTRACT. This article addresses the issue of helping students who work collaboratively on mathematical problems with the aim of raising the level of their mathematical understanding and competence. We investigated two kinds of teacher interventions aimed at helping students. The rationale of these interventions was based on a process model for interaction and mathematical level raising. One kind of interventions focused on the interaction between the students, the other -on the mathematical content of the tasks. The effects of the two kinds of interventions were investigated using a pre-test -posttest comparison of students' learning outcomes and analyzing the transcripts of students' verbal utterances and worksheets. Our analyses point to interventions focused on students' interactions as more effective in terms of students' learning outcomes. Theoretical and practical implications of the research are discussed.
INTRODUCTION
The potential of working in small groups is widely recognised (Webb, 1989; Yackel, Cobb and Wood, 1991; Pea, 1993; Van Boxtel, Van der Linden and Kanselaar, 1997; Van der Linden and Renshaw, 2004) . There are, however, still questions about how to maximise benefits and how to prepare teachers to provide adequate tasks and help (Grugnetti and Jaquet, 1996) . In our study we address the issue of how to help students through appropriate verbal interventions. Brodie (2001) stressed the need of such interventions, because students often find it difficult to communicate with each other and might reinforce, rather than challenge each other's mathematical misconceptions. She also showed that the teacher's role in dealing with these difficulties is problematic. A main problem is that it is practically impossible for a teacher in a classroom situation to keep track of each group's work. Teacher interventions therefore tend to lack precision with the result that they interfere with ongoing thinking and learning processes of the students. Brodie showed how the negative effects of teacher's verbal interventions can outweigh their potential positive effects. The findings were all the more noteworthy because the teacher was experienced and the content of her help was based on sound principles, namely Lakatos' theory about learning mathematics by a series of conjectures, attempts at proof and refutations.
The possibility that we want to explore here is that an intervention may be more effective if it focuses on interactions between students than if it has to do with the content of the given tasks.
THEORETICAL FRAMEWORK
Collaborative learning tasks are in general designed as complex, challenging and authentic problems. Such problems motivate students to attempt different strategies and co-construct and justify solutions (Cohen, 1994; Elshout-Mohr and Dekker, 2000; Kramarski, Mevarech and Arami, 2002) . Manifold cognitive abilities being needed, deficits may occur in the available cognitive and social abilities. Help can be offered in several ways. While Brodie (2001) studied the effects of hints used by the teacher based on her knowledge of appropriate methods to solve the mathematical problems at hand, others investigated the effects of promoting the use of more general problem solving strategies. Kramarski et al. (2002) , for instance, performed a study in which help was provided in the form of a general problem solving strategy consisting of four steps, namely comprehension, connection, strategy selection and reflection. Students were instructed to let their own problem solving process be guided by self-addressed metacognitive questions such as: "How is this task different from/ similar to what I have already solved?" and "What strategy/tactic/principle can be used and why?" The students in Kramarski et al.' s study worked in small groups and had to take turns in asking and answering the metacognitive questions. After an initial instruction phase, the teachers' role was restricted to encouraging students to adhere to the procedure. Positive effects of the intervention were observed for both lower and higher achievers.
Help may also be directed at the way students communicate while working on the task at hand. Sfard (2001) argued that communication is at the heart of mathematics education and learning in groups. According to her view teachers should strive for initiating students into a certain well-defined discourse, characterized by symbolic artefacts as its communication tools and by meta-rules that regulate communication. Establishment of clear classroom norms such as advocated by Wood (1999) with regard to mathematical communication can be seen as part of this initiation. An example of a symbolic artefact as a communication tool may be the use of words that refer to mathematical concepts, such as 'rotation' and 'translation'. An example of a meta-rule that may be incorporated in a classroom norm might be that it is quite right for a student to say "I disagree" and to bring alternative problem solutions or strategies to the fore. Wood (1999) showed positive effects of norm related learning, such as learning to participate in disagreement and argument.
Until now, to our knowledge, there is little empirical research aimed at comparing the effectiveness of teacher interventions focused on mathematical content and product of students' work, and those that focus on meta-rules for the collaborative process. In the present study such comparison will be made within the framework of our earlier research on interaction and mathematical level raising.
MATHEMATICAL LEVEL RAISING
Raising students' mathematical level is a major aim of mathematics education. The term 'level' refers here to the theory of Van Hiele (1986) , who distinguished three levels of mathematical understanding and competence. The first level is a prescientific perceptual (visual) level dominated by concrete operations. The second level is a conceptual (descriptive) level dominated by the use of mathematical concepts and the mutual relations between these concepts. The third level is a theoretical level dominated by formal operations on mathematical concepts and mathematical principles. When mathematical concepts such as rotation and translation are introduced in the classroom, these concepts are not entirely new to the students. Students are already acquainted with relevant phenomena in daily life, which they may have investigated, for instance, in the concrete context of tiling. It is new for them, however, that rotation and reflection are conceptualized by mathematicians as mathematical transformations, and eventually as elements of a group structure. For the present study the transition between the first and second level is the most relevant. Level raising within this range is characterised by growing competence in discerning aspects of transformations (as concrete operations) and application of descriptive knowledge, for instance in solving construction and reconstruction problems.
Mathematical level raising processes have been researched by Freudenthal (1978 Freudenthal ( , 1991 , Dekker (1991) , and Dekker and Elshout (1998) in the context of small heterogeneous learning groups. Dreyfus and his colleagues (Kieran and Dreyfus, 1998; Hershkowitz et al., 2001 ) have also studied these processes. They refer to level raising as 'abstraction in context' and 'an activity of vertically reorganising previously constructed mathematics into a new mathematical structure'. Although solid evidence is still scarce, it is plausible that working together in small groups is a facilitating factor.
INTERVENTIONS IN THE PROCESS OF MATHEMATICAL LEVEL RAISING

The process model
Dekker and Elshout-Mohr (1998) modelled processes of mathematical level raising and thereby created a framework for helping students during the process. In the model three types of activities are discerned, namely key activities, regulating activities and mental or cognitive activities. For the present study the regulating and key activities are very important. These activities are presented in Figure 1 . (no, it isn't right, because. . .) . These activities are called regulating because they regulate (monitor, control) the activities of the other student(s) (see the second column). When a what-question is asked, students attempt to show and verbalise what they are doing. When a how-or why-question is asked, they attempt to explain their operations, constructions and mathematical reasoning. When challenged to answer criticism they attempt to justify their actions and reasoning. Finally, when the justification is insufficient or unconvincing, they attempt to reconstruct their work. These activities are key activities, because they keep the interaction going and at the same time help the students to make progress in developing their mathematical competences. A detailed description of the model can be found in Dekker and Elshout-Mohr (1998) . Here, we just want to add that it is quite common that students who perform regulating activities, such as asking for an explanation or offering criticism, subsequently take an active part in attempts to provide an explanation or to counter the critique. In other words, the model is compatible with collaborative processes such as co-construction and negotiation of meaning.
Two kinds of help
In the present study we compare two kinds of teacher interventions aimed at helping students in accomplishing collaborative tasks. We call one of them 'process help' and the other 'product help'.
Process help
The process help capitalizes on the regulating and key activities performed by the students themselves (see Figure 1) . We reasoned that the process of mathematical level raising would benefit from interventions that stimulate students to perform these activities in a consistent manner. Whenever students feel that they are insufficiently informed about the work of other students, that more explanation is needed, and so on, they should say so. Also students should take any regulating activity of other students seriously. They should perform the corresponding key activities or at least attempt to do so. Basically, the process-help interventions address a specified set of interaction norms. They are not concerned with students' reasoning and products, but with their interactions.
We expect that it is not difficult for the teachers to engage in this type of interventions even if they have to assist several groups of students simultaneously: groups where students refrain from regulating activities or corresponding key activities symptoms are easily recognizable. Students, who do not express themselves when they feel insufficiently informed, or do not understand how and why the work is done and justified, will show disinterest, unrest and unease. The same symptoms are to be expected when regulating activities are disregarded and remain unanswered by relevant key activities.
Theoretically, process help is an interesting variation on the intervention used in the research of Kramarski et al., because the aim of the help is not to improve the problem solving process but the interaction process. It is also a variation on Wood's studies on the effects of establishing classroom norms, because the norms in our study are derived from the process model for mathematical level raising, rather than from a more general theory about the learning of mathematics. Therefore the norms are relatively clear and restricted in number, which justifies the expectation that they can be established and sustained effectively, even in a brief experiment.
Product help
The second kind of interventions that we want to investigate is complementary to the process-help interventions in the sense that these interventions are concerned not with the students' interaction but with their mathematical reasoning and products. They aim at providing what we have called product help. Teachers engaging in product-help interventions play the role of flexible part-time assistants for the collaborating students. They may perform regulating activities, such as asking the students to explain and justify their work. They may provide hints and scaffolding when key activities become (too) difficult for the students. Product-help interventions are expected to be within the reach of teachers, especially when students' collaborative work is clearly observable on neatly arranged worksheets.
Theoretically, this type of help is interesting because it is somewhat different from the help in Brodie's study. The help is purely supportive and does not have the additional aim to initiate students to a specific problem solving strategy, such as the Lakatosian conjecture -proof -refutation sequence.
We expected that the process-help interventions would be the most effective for mathematical level raising. If implemented efficiently, these interventions are likely to promote students' collaborative work along the lines of the process model. The process-help interventions do not provide hints and scaffolding that risk to interfere with students' own mathematical reasoning. The other side of the coin, however, is that tasks that are the most likely to bring about mathematical level raising, are complex and hard to solve. Therefore some product-help interventions might be more beneficial than disturbing for the solution progress.
THE EXPERIMENTAL STUDY
Design
Two groups of students participated in the experiment in two different teacher-intervention conditions, a product-help condition and a processhelp condition. Each student took a pre-test first, and then the students worked on a series of problems in triples under one of the help conditions. Finally the students took a post-test.
Participants
The students and their teachers were already familiar with working in small groups, as an alternative to whole class lessons and individual work. The students, aged 16 to 17, were pupils from two classes in a high school. Fifteen students worked in the product-help condition, and 20 students worked in the process-help condition. The numbers were not equal because of an unplanned absence of some of the students. In the product-help condition a school mathematics teacher provided the help. In the process-help condition the interventions were made by one of the researchers. Students were informed beforehand about the kind of help they could expect.
The mathematics teacher was informed in an interview about the kind of help he was supposed to provide. The main instruction for the teacher in the product condition was that hints and scaffolding had to be concerned with mathematical content and strategies. Even in situations, in which teachers would normally provide process help, he was asked to refrain from this kind of help for the sake of the experiment. Being used to collaborative learning as instructional arrangement, the teacher habitually limited himself to hints, avoided direct instructions or lengthy explanations, and gave help only when this was manifestly needed. In sum, it was agreed that the 'product-help teacher' was to offer content help, to refrain from process help, to restrict content help to situations where a need for help was manifest in students' behaviour or work, and to inform students beforehand about the kind of help that they could expect.
The process help was provided by one of the investigators. We are aware that this may have influenced the results, but we preferred this solution over the alternative of training a mathematics teacher in offering a kind of help that s/he was not familiar with and that was not expected of him/her by the students. The process help was based on the assumption that students might need help to regulate key activities by adequate regulating activities in the manner presented in Figure 1 . It was agreed that the 'process-help teacher' was to encourage students to engage in active showing, explaining, justifying and reconstructing their work, and in giving comments (questions, critique) that would trigger these key activities in others. Further, she had to refrain from mathematical content help, to restrict help to situations where a need for help was manifest in the students' behaviour, and to inform students beforehand about the kind of help that they could expect.
Experimental tasks
A series of four sets of problems concerning the transformations of reflection, rotation, translation, and glide reflection was constructed for the students to work on. These problems explicitly aimed at raising students' mathematical understanding and competence.
For the first set of problems, each small group of students received the following materials:
-one handout with examples of the four transformations (see Figure 2) ; -two cards, one with a symmetry drawing of Escher in colour and one with a fragment of Alhambra tiling; -one little bag with red and blue triangles; -one large sheet of paper with some information about Escher and Alhambra and a lot of space to work.
On the large sheet of paper, titled 'Escher', the following problems were formulated:
Here you see a drawing of Escher and a fragment of Alhambra tiling. Which transformations can you discover? Make your own 'Escher' with the red and blue triangles and try to apply the four transformations. Make a sketch of your design on this sheet and show which transformations you have applied.
The problems were developed in a previous study (see Pijls, 1996) . One of the outcomes of the study was that, for the students, the problems were realistic and meaningful. Analyzing transformations in a drawing of Escher makes sense both for students who do not think in terms of the four transformations given in Figure 2 and for students who are already familiar with mathematical transformations. The problems were complex and constructive, allowing several approaches and starting points resulting in visible actions and constructions. The level raising aspect was brought about by a conjunction of several factors: the realistic, complex and constructive nature of the problems, the educational setting, the sheet with examples of the four transformations, and the content of subsequent problems. In the handout the transformations were offered as visual objects. The activities of collaboratively analyzing the tiling and constructing the design imply that the students work with the transformations, discuss them and discover many properties of them. According to the level theory of Van Hiele (1986) this means that the students start working on the visual level on which concrete objects are subject to analysis and gradually proceed towards the descriptive level on which the properties of the objects are subject to analysis. The first set of problems, titled 'Escher', has an open character in the sense that the design can be more or less complicated.
The second set of problems, titled 'Driehoekje leggen' [Laying a little triangle], requires students to discover and reconstruct the transformations in a given design, indicating points and angles of rotations, translation arrows, and reflection axes (see Figure 3 ):
In the design below you can put each time the little black triangle with just one transformation on a little white triangle. Can you discover with which one? Reveal the construction of the design by indicating (glide) reflection axes, translation arrows, rotation points and rotation angles as accurately as possible.
These problems are more restrictive in the sense that only one solution is correct, and students are forced to be more explicit in discussing the properties of the transformations.
In the third set of problems students work with mirrors and analyze relations between reflections, rotations and translations and the special role of reflections in these relations. Those problems aim at deeper understanding of the transformations, their properties and their being part of a more complex mathematical concept.
The fourth group of problems aimes at reasoning on a higher level. Students have to find out in a game how many transformations are needed to put a blue triangle on a red one of equal shape and size and they have to justify their findings.
Pre-and post-test
A pre-and a post-test were constructed to measure the results of students' learning. The tests consisted of different items, but were parallel in relevant aspects. A student's mathematical-level score was operationalized as the total score of points awarded for the following performances:
-recognizes reflection, rotation, translation, and glide reflection (maximum 4 points), -constructs and reconstructs a reflection, rotation, translation, and glide reflection (maximum 8 points), -applies knowledge about properties of reflection, rotation, translation and glide reflection (maximum 6 points), -recognizes relations between reflection, rotation, translation, and glide reflection (maximum 2 points), -applies knowledge about (relations between) reflection, rotation, translation, and glide reflection (maximum 5 points).
Maximum total scores were 25 for both pre-and post-test. Students who functioned at a purely visual level could achieve a maximum score of 4 points. Scores from 5 to 18 points could be achieved by students who had partly to fully mastered knowledge about mathematical transformations on a conceptual (descriptive) level. Scores from 18 to 25 points could be achieved by students who functioned (partly) on the theoretical mathematical level.
Experimental procedure
Two classes participated in the experiment. During the pre-test the students could use the handout with the four transformations ( Figure 2 ). The information on the handout allowed them to recall prior knowledge and to demonstrate their level justly. On the basis of the pre-test results students in the two classes were divided into two comparable subgroups, each taken in charge by one of the two instructors. The product-help teacher and the process-help teacher then divided their subgroup into heterogeneous triples and an occasional couple on the basis of the pre-test scores. During one week the students worked in two sessions of 65 minutes on the four sets of problems on transformations. Worksheets of each group were collected. The students made a post-test shortly after the last session without the help of the handout with the four transformations. During the post-test the handout was not needed for recall, and we wanted to prevent students from using it and thus continue learning in uncontrolled ways. Discussions between students and interventions by the teachers were tape-recorded during the lessons. The audiotapes were then transcribed verbatim in preparation for a qualitative analysis.
Hypotheses
The first hypothesis was that pre-and post-test differences would be larger in the process-help condition than in the product-help condition. The second hypothesis was that teacher interventions would interfere less with the students' interaction and learning processes in the process-help condition than in the product-help condition. Figure 4a . Graphs of the pre-and post-test scores of the students in the product-help condition.
COMPARISON OF THE PRE-AND POST-TEST SCORES
The means and standard deviations of the pre-and post-test scores of 35 students in two different conditions are presented in Table I .
Analysis of the pre-test scores showed that differences in pre-test scores between the two groups were not significant. Evidently, the attempts to form experimental groups with comparable pre-test scores were successful. The hypothesis about the post-test scores was that these would be higher in the process-help condition than in the product-help condition. This hypothesis was confirmed (p < .05). Students' pre-and post-test scores are presented in a graphical form in Figures 4a and 4b . These figures reveal that students' progress in the product-help condition was more heterogeneous than in the process-help condition. In the product-help condition, for instance, more fallbacks were found than in the process-help condition.
Regarding the question of whether the level raising occurred or not, it should be noticed that students scored well above 4 points in the pretest. Thus, they must have already had at least some conceptual knowledge about one or more transformations. It remains to be seen in the qualitative analysis for which transformations, if any, students truly raised their level from a purely visual to a more conceptual one. Figure 4b . Graphs of the pre-and post-test scores of the students in the process-help condition.
ANALYSIS OF THE TRANSCRIBED EXCHANGES
Implementation of the help
Part of the teacher help concerned organisational activities that were the same for both conditions, such as distributing worksheets and asking students to put their names on their work. This kind of help was not analyzed any further. The second category concerned all interventions whereby teachers demonstrated how they had implemented the help conditions. The data showed that both teachers were reticent in offering help and tried not to disturb students' discussions. In sheer numbers of utterances during the series of lessons, the product teacher's utterances (73) exceeded the number of those made by the process teacher (21), but teacher interference was still very limited. We will describe the roles of the teachers in more detail for two triples.
Two triples
Two triples were selected for further investigation. The first triple: Maaike, Stefan and Rolf worked in the product-help condition. The second triple: Jelmer, Rafik and Thomas worked in the process-help condition. Pre-and post-test scores of the students are presented in Table II . The two triples were representative of the whole group in the following aspects: Pre-test scores in both triples were not different from average; average post-test scores were higher than pre-test scores and average learning gains were higher in the process triple than in the product triple. The fallback of one of the students (Stefan) in the product triple is also representative. Figures 4a and 4b showed more fallbacks in the product condition than in the process condition.
A first point of interest was how the two kinds of help were implemented. A second issue was when, how and why teacher interventions facilitated or hindered students in their collaborative work and learning. While investigating the second issue, we also address the question whether students merely extended higher order mathematical knowledge that they already possessed, or truly transformed lower-level knowledge into higherlevel knowledge.
Two episodes
Two episodes related to the mathematical questions in the second set of problems were analysed in depth. The problems were concerned with the construction and the reconstruction of rotations. The episodes were selected because the protocols and the students' worksheets showed that this subject matter was highly challenging for the students. Moreover, the achieved learning outcomes were striking in the sense that both positive and negative individual learning outcomes were found. Supposedly, these episodes would allow an interesting view on the effects of the different kinds of teacher intervention.
The episodes singled out for analysis concerned the second set of problems, titled 'Driehoekje leggen' [Laying a little triangle] (See Figure 3) .
Pre-and post-test performances related with rotations
A close inspection of students' performance on the pre-and post-tests revealed that all three students in the product triple could recognize a rotation in the pre-test but were not able to reconstruct one. In the post-test Stefan was not able to recognize or to construct a rotation. Maaike performed well on all items related to rotation, and Rolf still could not construct a rotation, but he was able to recognize one. Pre-test results of the process triple revealed that two of the three could not recognize a rotation and none of them could reconstruct one. In the post-test scores all three recognized and constructed rotations well. From these data it must be concluded that, in respect to rotations, all students, with the exception of Stefan, have successfully raised their mathematical level from the pre-scientific, perceptual level to a higher, conceptual level.
How they proceeded and how teacher interventions were helpful will be discussed in the following. Each episode will be first described in terms of the ongoing collaborative work. Then we submit conjectures about the manner, in which the learning of individual students might have been influenced by the available kind of teacher help. In order to better understand the description of the collaborative work and the fragments from the protocols, the work of each triple is presented in Figures 5a and 5b. 
An episode in the collaborative work of the product triple
The episode (see 7.2.1) was focused on the reconstruction of the two rotations in the design: a regular rotation which puts the little black triangle upon the white one below to the left, and the half turn (rotation by an angle of 180 degrees), which puts the black triangle on the lowest white one (see Figure 5a) . The students roughly proceeded as follows. During the reconstruction of the regular rotation Maaike (M) was looking for the rotation angle by constructing the angle between two corresponding sides. She criticized her own construction, however, because the angle was not positioned at the rotation point. She wanted to revise her solution by creating something 'more technical', as she expressed it herself. Rolf (R) proposed to connect the right angles with a line and draw the perpendicular bisector of that line with the same length of the line. That would give the rotation point. Stefan (S) agreed. So did Maaike, but she was hesitant. They applied the same strategy to the reconstruction of the half turn. Maaike followed again, because she wanted the group to work consistently, but then she started to criticize the strategy.
The transcribed protocol for the episode reads as follows: This transcript evidently represents an interactive dialogue of the type described in Figure 1 . A variety of regulating and key processes can be identified. Maaike criticizes the construction of Stefan and Rolf by showing and explaining that if the connecting line is as long as the perpendicular bisector, the rotation angle is constant (1). Rolf justifies the construction by saying that both lines are supposed to be equally long (2). Maaike indicates again that in that case the angle is the same (3). Stefan criticizes her and states that it depends on the length (which is not true) (4). Maaike repeats her critique by arguing that the angle is always the same (5, 7, 9). Stefan seems to check this and agrees with Maaike (10). He is working on the construction (12) and this stimulates Maaike to consider the other angles as well (13). [Does she want to show that the rule of Stefan and Rolf applied to other angles gives other rotation points? A definite critique of the rule of Stefan and Rolf? Or is she looking for a reconstruction of the construction they already have on paper?] Maaike continues to connect other related angles and to indicate the midpoints, although she says that she doesn't know why. Stefan and Rolf follow her. All three are looking for a better solution, which is closer than they realize, because in the 'official' construction of the rotation point one can find the rotation point as the intersection point of the perpendicular bisectors of the connecting lines of the corresponding angles.
Then the product teacher (CT) comes along and Maaike addresses him: In this second part of the episode, we see how Maaike asks CT for an explanation (2). CT looks at their work and tells them how they may have been thinking, according to him (3). He expresses the same critique as Maaike had expressed before and he confirms that one has to work with the other angles as well (5). Maaike shows what they did with that and asks for an explanation (6). CT guesses that they are already aware of the 'official' construction (which is not correct!). His interpretation goes too far (7) and the students don't follow him anymore. Maaike accepts his suggestions, but she is unsure and continues to ask CT for help in the minutes that follow. In the end CT sees no other way than to tell her the construction. The construction is put on paper correctly and applied well with the half turn too (see Figure 4a) . But the subsequent transcript shows that especially Stefan participated less in the collaborative work than before the triple received help. It was interesting to note that the effect was a lasting one over the lessons. In the discussion about rotation in the next lesson, over the third set of problems, Stefan participated with only 3 utterances, while Maaike contributed 17 utterances and Rolf 15.
An episode in the collaborative work of the process triple
Before we describe the related episode of the process triple, we want to present how the process teacher provided help to the triple before the start of the episode.
The process teacher
The process teacher (PT) clarified to the whole group of students her role and expressed her expectations at the beginning of the first lesson:
PT to give critic to each other, so that the work improves
The protocol shows that the process teacher explicitly stimulates the key activities of showing and explaining and the regulating activity of criticizing. With the latter she implicitly stimulates the process of justifying and reconstructing. The inbetween remarks of Thomas and Rafik reveal that they will try to apply the norms for collaborative work formulated by the teacher. After the introduction, the students worked collaboratively and discussed a lot, taking equal turns in the conversation. At some point they criticized each other's work and had trouble reaching an agreement:
T: yes R:
you did it first like this J:
stop it now, man T:
we had to talk a lot, so R: okay J:
we now have to
In this fragment we see that the moment Jelmer wants to stop the discussion, Thomas refers to the expectations of the teacher and the students continue their discussion and talk through their point of disagreement. Some time later Jelmer and Thomas discussed closely together and Rafik didn't seem to participate. The process teacher noticed this and ad- Here, the process teacher tries to stimulate Rafik to present his ideas and voice his criticism. And although Rafik denies that he is puzzling over something, the interruption of the process teacher is a stimulus for him to participate in the discussion again and in the follow up he does it by revealing his ideas. The students continue to work collaboratively. At some point the discussion was intense between Rafik and Jelmer. Thomas seemed to drop out. The process teacher noticed this and addressed him:
Is it okay what they are doing, Thomas? R:
do you get it? J:
you just have to T: yes, I do get it J:
with those lines R:
this is what you see
The process teacher tries to make Thomas participate in the discussion again by stimulating him to look critically at the other students' work. The teacher's action makes Rafik aware that Thomas was not participating and his guess is that it was because he didn't understand it. Jelmer starts to explain and although Thomas says that he does understand, Rafik starts to explain, too. From then on, Thomas becomes again an active participant in the discussion.
The episode
Now we turn to the episode focused on the reconstruction of the rotation and the half turn in the process group (see Figure 5b ). In the first phase of the episode, Jelmer, Rafik and Thomas did not manage to reconstruct the regular rotation. Therefore they switched to the reconstruction of the half turn. They found it by connecting the two related right angles and indicated the rotation point in the middle of the connecting line. Rafik and Thomas then wanted to apply the same construction to the reconstruction of the regular rotation, but Jelmer did not agree: 1the product (see Figure 5b ). In the next lesson this group discussed rotation again, and did that extensively (more extensively than the product triple). Utterances were equally spread over the participants. Jelmer contributed 34 utterances about rotation, Rafik 19 and Thomas 28.
Although no process help was actually provided in this fragment, we wish to argue that the students were still affected by the previous interventions. Students' interactive discourse was in line with the process model for interaction and mathematical level raising and students refrained from seeking the help of the teacher.
SUMMARY
The pre-test -post-test comparison revealed that students in the processhelp condition raised their mathematical level more than students in the product-help condition. Moreover, product help tended to lead to divergence rather than convergence of student's gain scores, while process help had the opposite effect.
The analysis of transcripts showed that the two experimental instructions were implemented according to the plan. The students were indeed working under help conditions that differed in being focused on mathematical content and students' interactive discourse, respectively. Both conditions allowed students to raise their mathematical level on the subject matter of mathematical transformations. A count of teachers' interventions revealed that the collaboration was predominantly teacher-independent in both groups. The series of problems provided sufficient challenge and guidance for the students. Constructions based on perceptual conceptions of rotation were gradually transformed into constructions based on conceptions of aspects of the transformation, such as angle and rotation point. In both groups, too, we saw that the students were not able to complete the attempted construction. In the product-help group, one student asked the teacher for help. In the process-help group students decided to go on to the next problem.
There were also differences to be observed between the two help conditions. In the product-help condition we found a number of interrelated phenomena. First, the teacher, like the teacher in Brodie's study, was sometimes insufficiently informed about the students' work to intervene appropriately. Second, the teacher often communicated with just one student, often after having addressed the whole group first. Third, the teacher sometimes could not prevent a switch from the role of 'assistant' into the role of full participant, i.e. a person who actually performed a mathematical operation instead of just giving a hint. In conjunction and in the long run, these phenomena may increase the tendency of one student asking the teacher for help and decrease the level of engagement of another.
In the process-help condition we observed the following phenomena. First, the teacher offered a substantial part of her contribution to the collaborative work at the very beginning of the lesson. Thus, interference during the process was minimized. Second, by its very nature, process help seemed to address more than one student. When the teacher addressed one student ("Is it okay what they are doing?") another student took over ("Do you get it?") and a third one attempted to give an explanation ("You just have to"). By addressing a student who fails to execute a regulating activity, the process teacher also raises awareness of all students of their role in the collaborative process. In the process-help group, too, we saw the long-term effects of teacher interventions. After the starting phase the students worked as a group, were not looking for teacher help, and rarely tended to drop out of the conversation.
We can conclude that our two hypotheses were confirmed: pre-testpost-test differences were larger in the process-help condition than in the product-help condition and teacher interventions interfered less with the students' interaction and learning processes in the process help condition than in the product-help condition.
DISCUSSION
More research is needed before we can generalize the conclusion that process help is to be preferred over product help. Our research is restricted to one mathematical topic, which is treated during a few lessons, and to one step in the process of mathematical level raising. A relatively small number of students (35) participated in the study and the transcripts of discussions in only two groups were analyzed in depth.
Aspects of the setting that may have influenced our findings are the use of carefully designed materials and the fact that the students were used to working together in small groups. Both kinds of help were given by teachers who were well informed and capable of providing the intended kind of help.
One thing to investigate, for instance, is what it takes for a mathematics teacher who usually assists students in matters of mathematical content as well as collaborative discourse to take on the role of a process teacher. Another interesting question for further research is whether the relative success of the process help can be attributed to the strict adherence of the process teacher to the key and regulating activities for interaction and mathematical level raising (see Figure 1) , or similar results can be reached with an alternative selection of rules for the interactive discourse.
